ABSTRACT Fixed point theory is a very important tool in mathematics and applied sciences. Latterly, many application examples have been presented for communication network and computer science fields. The proposed schema can be considered as a theoretical foundation for such a type of applications. In this paper, we introduce the notion of the G m -contraction to generalize and extend the notion of G-contraction. We investigate the existence and uniqueness of the fixed point for such contractions in M -metric space endowed with a graph. Our results extend and generalize various results in the existing literature, in particular the results of Jachymski. Some examples are included, which illustrate the results proved herein.
I. INTRODUCTION
In 1922, Banach [4] proved that every contractive maps on a complete metric space has a unique fixed point. Since then, most literature was dealing with the existence and uniqueness of fixed points of certain contraction mappings in different kinds of generalized metric spaces. Among the extensions studied in the literature is the concept of partial metric space introduced by Matthews [5] .
Recently, in [6] , an extension of partial metric spaces to a more extended space named M -metric spaces was given. The authors demonstrated some theorems to obtain fixed points and common fixed points for mappings and some examples were presented to show the difference between the partial metric and the m-metric. Some other references on the topic are [7] and [8] .
On the other hand, the Banach contraction principle and the obtained fixed point results are very important tools used to get solutions to different mathematical models. It may be applied to differential equations, optimization, equilibrium theory, game theory etc. During the last decade, fixed point theory was combinated with another branch of mathematics that is graph theory.
On this context, the fixed point theory represents a theoretical background for the latest communication and computer technologies such that the communication network which can be considered as a space formed by the node iterative sequences of the path prediction algorithms [1] . Indeed, in the communication network, the nodes give the information that will be transmitted by links according to a routing strategy. Thereby, we define a network vector space E composed by these nodes. Also, we can define a distance d on this space given by certain correlation characteristic related to time and space between any two different nodes in the network space. Then, (E, d) is a metric space. Since the network space E has a finite dimension, then E is complete.
On the other hand, from the relationship between the elements of E space, we can establish the self-mapping T : E −→ E given by Tx = y for all network nodes x and y belonging to E. From the correlation and route strategy, the network operator T is considered as a compressed mapping with coefficient 0 < α < 1.
Finally, we obtained the triplet (E, d, G) where G is the graph associated to E and a contraction T . Then, the fixed point of T is considered as the network path prediction target node. For more about this the reader can check [1] , [2] , [9] .
Among the applications of the fixed point theory, we present the fixed point arithmetic [10] , [11] . In this field the researchers used the fixed-point numbers which is a powerful way to represent fractional values in computer, usually in base 2 or base 10, when the executing processor has no floating point unit.
These various applications motivated the researchers to more explore in the theoretical side in order to develop and evolve a new tools to the other fields.
Indeed, the investigation of fixed point theory with a graph was approched by many researchers [12] - [14] . The first attempt was made by Espinola and Kirk [15] in 2006. Next, Jachymski [3] presented some generalizations of the Banach contraction principle to mappings on a metric space provided with a graph. The author carried out a sufficient condition for a selfmap f to be a Picard-Operator on a metric space.
Inspired by this recent work, we introduce the concept of G m -contraction principle along with some fixed point theorems in M -metric spaces endowed with a graph and we investigate the existence and uniqueness of fixed point for such contractions in an M -metric space endowed with a graph.
II. PRELIMINARIES
First, we present the topology of M -metric spaces.
Notation:
Definition 1 [6] : Consider a nonempty set X and m : X × X −→ R + a function satisfying the conditions below:
Then, m is called an m-metric and the pair (X , m) determine an M -metric space. Definition 2 [6] : Let (X , m) be an M -metric space. Then 1) A sequence {a n } in (X , m) is said to be m − convergent to a ∈ X if and only if lim n→∞ (m(a n , a) − m a n a ) = 0. 2) The sequence {a n } in (X , m) is said to be an m-Cauchy sequence if the limits of (m(a n , a m ) − m a n a m ) and (M a n a m − m a n a m ) exist and are finite as n → ∞. 3) (X , m) is said to be complete if any m-Cauchy sequence {a n } in X m − converges to a point a and lim n→∞ M a n a − m a n a = 0. Definition 3: Consider two sequences {a n } and {b n } in an M -metric space (X , m). We say that {a n } and {b n } are m-Cauchy equivalent if each of them is an m-Cauchy sequence and m(a n , b n ) − m a n b n −→ 0 as n −→ ∞.
(1) Lemma 4 [6] : Let {a n } and {b n } be two sequences in an M -metric space (X , m). Suppose that {a n } is m − convergent to a and {b n } is m − convergent to b. Then, [6] : Assume that lim n→∞ a n = a and lim Next, we present a few basic concepts and terminology of graph theory as well as the notion of G m -contraction.
Let (X , m) be an M -metric space. Let = X × X . A graph G is a pair (V , E) where V = V (G) is a set of vertices coinciding with X and E = E(G) the set of its edges such that ⊂ E(G). Assume that the graph G has no parallel edges. The graph G may be converted to a weighted graph by assigning to each edge the distance given by the m-metric between its vertices.
By reversing the direction of edges in G, we get the graph denoted G −1 where its set of edge and vertices are defined as follows:
ConsiderG the graph consisting of vertices of G and all the edges of G and G −1 that is
Thereby, by ignoring the direction of edges of G, we obtained G and it is called the undirected graph.
Definition 6: A subgraph is a graph consists of subset of a graph's edges and associated vertices. Definition 7: Let x and y be two vertices in a graph G. A path in G from x to y of length n (n
∈ N ∪ {0}) is a sequence (x i ) n i=0 of n + 1 distincts vertices such that x 0 = x, x n = y and (x i , x i+1 ) ∈ E(G) for i = 1, 2, ..., n.
Definition 8: A graph G is said to be connected if there is a a path between any two vertices of G and it is weakly connected ifG is connected.
Consider x a vertex in a graph G. The subgraph denoted by G x and constituted by all edges and vertices which are contained in some path in G beginning at x is called the component of G containing x. Then the equivalence class [x] G defined on V (G) by the rule R (xRy if there is a path from
Consequently, it is easy to see that G x is connected. Definition 9: Let (X , m) be an M -metric space. We say that a mapping f :
2) there exists α ∈ [0, 1), ∀x, y ∈ X , 
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Definition 12 [3]: A mapping f : X −→ X is called orbitally G m -continuous if for all x, y ∈ X and any sequence
(k n ) n∈N , (f k n x) m − convergents to y and (f k n x, f k n +1 x) ∈ E(G)∀n ∈ N implies f (f k n x) −→ fy. (6)
III. MAIN RESULTS
Throughout this section, we denote by Fixf , the set of all fixed points of a mapping f and we consider that G is a directed graph. We start by validate the next lemma useful to prove the subsequent results. 
As the sequence (x i ) N i=0 was defined, it is obvious to get
Since f is aG m -contraction (from proposition 10), then by equation (4), we get
Then, by induction we obtain
Using the path (x i ) N i=0 inG from x to y, we have x = x 0 and y = x N and m(f n x, f n y) = m(f n x 0 , f n x N ). By the triangular inequality we get
By repeating this proceeding (n − 1) times we obtain
On the other hand, since the sequence (m(
Using the same argument, we get
Finally, equations (10), (11) and (12) give
. Theorem 14: Let (X , m) be an M -metric space and G a directed weakly connected graph. Therefore, for all G m -contraction, f : X −→ X , given x, y ∈ X , (f n x) n and (f n y) n are m-Cauchy equivalent.
Proof:
Let prove now that (f n x) n is an m-Cauchy sequence. Let m > n, using the triangular inequality, we get
Since α < 1, we get lim 
If we put x = y in lemma 13 we obtain
Consequently, (f n x) n is an m-Cauchy sequence. By the same procedure, we get (f n y) n is also an m-Cauchy sequence. To show that (f n x) n and (f n y) n are m-Cauchy equivalent, we must prove that m(f n x, f n y) − m f n xf n y → 0 as n → ∞.
From lemma 13, we have m(f n x, f n y) ≤ α n b(x, y). (16) Proof: Suppose that (f n x) n and (f n y) n are m-Cauchy equivalent and let prove that for any G m -contraction f , at most we have one fixed point. Let f be a G m -contraction and x, y ∈ Fixf .
x, y ∈ Fixf ⇒ fx = x and fy = y then f n x = x and f n y = y.
Since (f n x) n and (f n y) n are m-Cauchy equivalent, we have lim Finally, x = y and Card(Fixf ) ≤ 1. 
Definition 16: Let T be a self map on an M -metric space (X , m). T is a Picard Operator (P.O) if T has a unique fixed point x * and lim
n−→∞ m(T n x, x * ) − m T n xx * = 0.
Definition 17: Let T be a self map on an M -metric space (X , m). T is a Weakly Picard Operator (W.P.O) if for any x ∈ X , lim
x n , x n+1 ) ∈ E(G) for n ∈ N, then there is a subsequence (x k n ) n∈N with (x k n , x) ∈ E(G) for n ∈ N. Let f : X −→ X be a G m -contraction, and X f = {x ∈ X : (x, fx) ∈ E(G)}. Then 1) For any x ∈ X f , f |[x]G is a P.O. 2) If G is weakly connected and X f = ∅, then f is a P.O. 3) If X := ∪{[x]G : x ∈ X f } then f | X is a W.P.O. 4) If f ⊆ E(G), then f is a W.P.O. 5) Card (Fixf ) = Card{[x]G : x ∈ X f }. 6) Fixf = ∅ ⇐⇒ X f = ∅.
7) f has a unique fixed point if and only if there exists
We must prove that there exists x * ∈ X such that lim n∈N and (f n y) n∈N VOLUME 6, 2018 are m-Cauchy equivalent. By completeness, we obtain the existence of some x * such that
that's mean (f n x) n∈N converges to some x * ∈ X and also (f n y) n∈N converges to x * ∈ X . Since (x, fx) ∈ E(G), using the first property of the G m -contraction, we get:
By the property (P), there is a subsequence f k n x such that (f k n x, x * ) ∈ E(G) ∀n ∈ N. From (19), we can affirm that (x, fx, f 2 x, ..., f k n x, x * ) is a path in G (also inG) from x to x * . Therefore, x * ∈ [x]G. Now let prove that fx * = x * . From equation (18), we get
From definition of m-Cauchy sequence, we have lim
Since lim
(20) and (21) give
G, which imply there is a path from x to y. Then,
It is sufficient to prove that ψ is a bijection to get the result. We have
Therefore, for x ∈ A, there exists x * ∈ Fixf such that x = ψ(x * ). Then ψ is a surjection from Fixf to A. Injection of ψ:
Since x 2 ∈ Fixf and x 1 ∈ Fixf , then x 1 = x 2 which implies that ψ is an injection from Fixf to A. Hence, ψ is a bijection from Fixf to A, then Knowing that (X , m) is an M -metric space, we define the graph G by
Define the self-mapping f as follow, 
In the next figure, we The next results are simple consequence of theorem 19. Precisely, when we fail to have the property (P) for the the triple (X , m, G), the next corollaries present another sufficients conditions for the existence of fixed points by introducing the notions of orbitally G m -continuous and orbitally continuity of f . 
Since f is orbitally G m -continuous, we get
Then, (23) and (25) give that fx * = x * . Thereby, we proved statement 1). 2) Let suppose that X f = ∅. Let x ∈ X f . From the proof of 1) there exists a fixed point x * ∈ X such that x * = fx * , then Fixf = ∅. The reciprocal follows from the assumption ⊆ E(G). 3) Let f ⊆ E(G), this means that X f = X . Then, using 2., we get f is a WPO. 4) f is PO as a consequence of 2. Indeed, we consider that x 0 ∈ X f , so [x 0 ]G = X . Therefore the result yields. The next corollary is concerned with strengthening of continuity condition on f . Proof: The proof is very similar to the proof of the precedent corollary.
IV. CONCLUSION
In closing, note that our G m -contraction can be generalized by adding a control function to the inequality. However, it is an open question whether we will get the same results or something weaker. 
